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Abstract 

If /i is a nondecreasing real valued function and < q < 2, we analyse the boundary behaviour of the 
gradient of any solution u of — Au + h{u) + | Vu|^ = / in a smooth N-dimensional domain fl with the 
condition that u tends to infinity when x tends to dft. We give precise expressions of the blow-up 
which, in particular, point out the fact that the phenomenon occurs essentially in the normal direction 
to on. Motivated by the blow-up argument in our proof, we also give in Appendix a symmetry result 
for some related problems in the half space. 
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1 Introduction 

Let be a domain in (N > 2), ha. continuous nondecreasing function and q a 
nonnegative real number. The aim of this work is to study the behaviour of solutions of 
nonlinear equations of the following type 

-Au + h{u) + \Vu\'' = f inl^CR^, (1.1) 

satisfying a boundary blow-up condition 

lim u(x) = +00 (1.2 ) 
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where dQ{x) = dist(x,9$7). The interest for solutions of (1.1 ) satisfying such singular 
boundary conditions arises from stochastic control problems with state constraints, as 
explained in [11], where h{u) = Xu. In that situation, u represents the value function of 
the optimal control problem and —qVu |Vn|^~^ acts as the optimal (feedback) control which 
forces the process to stay in Q. 

From a purely PDE's point of view, the existence of such solutions depends on the 
possibility of finding universal interior estimates for (1.1 ), independently on the behaviour 
of u at the boundary. In the case g = these estimates hold provided the well— known 
Keller-Osserman condition ([10], [17]) is satisfied, i.e. 



A large number of papers has investigated properties of such singular solutions (also called 
large, or explosive solutions) when the lower order terms only depend on u (see [3], [4], [5], 
[14], [15], [16], [20]). In presence of gradient dependent terms as in (1.1 ), large solutions in 
smooth domains have been studied in [2], [8], [7], [11], [18]: roughly speaking, such solutions 
exist if h satisfies (1.3 ) or if 1 < q < 2 and h is unbounded at infinity. Indeed, in equation 
(1.1 ) both lower order terms may lead to the construction of large solutions, so that existence 
of solutions to problem (1.1 )-(1.2 ) can be proved even if h is sublinear, provided q> \. 

In this paper we consider problem (1.1 )-(1.2 ), mainly referring to the model examples 
h{s) = e*^^, a > 0, and h{s) = s^, /? > 0, and we study the asymptotic behaviour of Vn at the 
boundary. It turns out, as a quite general rule, that Vu blows up, in its first approximation, 
in the normal direction: in the model examples, our results read as follows. We denote by 
daix) the distance of a point x to dO,, and by u the outward unit normal vector at dO,. 

Theorem 1.1 Let Q. be a C"^ domain in R^, v he the normal outward unit vector to d^, 
and assume f G L°^(i7). 

A- Let a > 0, and u be a solution of 




(1.3) 




Then there holds: 



(1) If q = 2 and a <2, then 



lim da{x)'Vu{x) 



(2) if0<q<2, or if q = 2 and a>2, then 




im dfiixWuix) = - 
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B- Let /? > and u be a solution of 



Then there holds: 



(3) Ifq>Tk' ^'^^^ 



-Au+\uf-^u + \Vu\i = f inn, 
lim u(x) = +00 . 



lim dci(x)i-^ Vu(x) = bv, 
dn(x)-^o 



in which formula b = {q — 1) 9-1 if q > o,nd b = (^) (f-i) " ^ ~ where 

q 

a is the solution of a — = 2 — q. 

2/3 



(4) Ifq< T^, then 



1+/3 



lim c?n(aj)'^~^ Vufx) = biy, 



where b = 



2(fl+l)) 



The previous result generalizes those obtained in [1] and [4] for large solutions of semilinear 
problems, in case the lower order terms do not depend on Vu; indeed, our proof follows 
a similar approach based on a blow-up argument near the boundary and requires some 
symmetry results on the blown-up functions, which are solutions of a similar problem in the 
half space. Even in the case q = 0, our result extends those previous ones by considering a 
slightly larger class of nonlinearities h{s). The conclusions of Theorem 1.1 will follow as a 
particular case of the results which we prove in Section 2. Moreover, in a third section we 
will also provide a simple uniqueness result for solutions of (1.1 )-(1.2 ) which is meant to be 
applied in case h is concave, or the sum of a concave and a convex function. In fact, previous 
uniqueness results seem to have been proved only if h has a convex type behaviour. 

Finally, motivated by our blow-up argument in case h{s) has a power growth at infinity, 
we prove in Appendix some symmetry and uniqueness results for nonnegative solutions of 
the problem in the half space 



~Au + auP + \Vu\i = inR^ 



where a > 0, p > and M is a nonnegative constant or possibly M = +00. We give a 

simple proof, based mainly on comparison with radial or one-dimensional solutions, that any 
nonnegative solution u is one-dimensional, and uniqueness follows if a > 0. 
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2 Asymptotic behaviour of derivatives 

In this section we let Q C be a bounded domain. We denote by (in(x) = dist 
and by I'^x) the outward unit normal vector at any point x G di}, or simply i' when meant 
as a vector field defined on 50. In the sequel, r is any unitary tangent vector field defined 
on as well, i.e. r ■ u = 0. 

We start by considering the equation 

( -Au + h{u) + \Vu\'^ = f inn, 

) lim u(x) = +00 , (2--'- ) 

where h is an increasing function such that lim h{s) = +oo, and / G 

s—*+oo 

It is proved in [18] that problem (2.1 ) admits a solution, and moreover any solution 
satisfies the estimate 

r+oo ^-t 

u{x) — F{dfi{x)) is bounded near dn, where F-^{s)= — -dt. (2.2) 

Note that the function F has at most a logarithmic blow-up rate. Moreover, if the following 
limit exists 

one has, using twice L'Hopital's rule and since both F^^(^) and (F^^)'(4) tend to zero as ^ 
goes to infinity, 

F(s) 

lim ^ \ = - lim s F'(s) = 
s-»0 I log s\ S-+0 



(2.3 



Similarly one has 

lim (F(s) + logs) = lim log(e^F~^(0) = 

{F-^ym 1 / ~ ■^ (2.4) 



= log - lim -^^ =-:^log lim / h(t)e ^dt 

In particular we deduce that 

f+oo 

u{x) + log{dci{x)) is bounded near dn if and only if / h{t)e-^^dt < oo, (2.5 ) 

Jo 

and that 

if lim \{ — — = A > 0, then - — rr^—— as dn(x) 0. (2.6 ) 

s^+oo h{t)e-^tdt - ' |log(dn(a;))| A + 2 ^ ^ ^ 

In view of these remarks, we will consider three types of situations in our analysis, which 
are mutually excluding: 
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/+0O 
h{t)e-^^dt < oo and lim h{s)e-'^^ = 0. 
s— »+oo 



lim , , , — ;r— = 0, and , , . 
h{t)e-^*dt h{s) 



/+00 
h{t)e~'^*dt = oo, lim rs i'^fl-^-ofj^ ~ ^' '"^^^^^"^ is bounded for large s, 

and any c G R. 



(h3) lim .J^j^'l^ ^ = A > 0, and, for any teK,3 lim = e(^+2)* 



Remark 2.1 Assumption (hi) corresponds to a subcritical case, where the blow-up rate of u 
only depends on the first order term, whereas (h2) represents the critical case (e.g. h{s) = e^*) 
in which both terms give a contribution and a superposition effect may be observed; in fact, 

due to (2.5 )-(2.6 ), in both cases we have 7- — 1, but while under (hi) we have 

I \og{dii[x))\ 

that u{x) + log{dfi{x)) is bounded near (h2) implies that u{x) + log{dQ{x)) — >■ —00 at 
the boundary. 

As far as (h3) is concerned, it covers exponential-type growths, including the model 
h{s) = e^'^'^^^^s^ for any (3 > 0. Let us remark that assuming the existence, for any 

^ . h(s + t) 1 1 1 r T h(s + t) . 

t G R, 01 lim — — automatically implies that the function ioit) := lim — — - — is an 
s— >+oo h[s) h(s) 

exponential. Indeed, since h is increasing, the same is true for uj. Since uj{t + 1') = uj{t)uj{t') 

for every t, t' G R, the continuity of u; at a point implies that ui is continuous on R, and 

then (using also a;(0) = 1) uj{t) = e"* for some a G R. Moreover, since uj is continuous the 

above convergence is locally uniform for t in R. Eventually, if 

A = lim „^ y ' — — , (2.7 ) 

we have 

as s — > 00. But L'Hopital's rule also implies 



so that we deduce, using also (2.7 ), 



hence a / 2, and a = A + 2. 
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Theorem 2.1 Let u be a solution of (2.1 ). Then we have: 

(1) If {hi) or (h2) hold true, 

du du 
lim 5 „ , , (x — 5u{x)) = 1 , lim 5 „ , . (x — 6v(x)) = (2.8 
(5-»o du{x) 5-»o dT[x) 

holds uniformly for x G dO., and then 



lim d^{x)Vu{x) = v. (2.9 ) 



(2) If (h3) holds true, 



nil 2 nil 
Yiui5—--ix-5uix)) = - -, \hn6—--{x-5v(x)) = {) (2.10) 



holds uniformly for x G d^, and then 



lim da{x)Vu{x) = -^1^. (2.11 ) 

Proof. Thanks to (2.2 ), we can fix do and Co such that 

\u{x) — F{da{x))\ < Co for any x € fi: da{x) < do, 

with F-\s) = — — — — -dt. ^^-^^ ^ 

■^s [JohiOe-'id^]-^ 

We use a similar blow-up framework as in [1], [4]. Let x G dft and consider a new system 
of coordinates (rji,. . . ,?7Ar) centered at x and such that the positive r^i-axis is the direction 
—vlx), where vlx) is the outward normal vector at x; thus a; = O is the origin and rji is the 
direction of the inner normal vector at x. In the 77-space, let us set Pq = {do,0, ... ,0) and 
define 

Ds = B{0, 5^-") n B{Po, do) , with < a < i. 

Note that we can assume that $7 satisfies the interior sphere condition with radius do so that 
Ds C O, and since the operator is invariant under translations and rotations we obtain the 
same equation for u in the new variable r/. Define (, = j and the function 

vsiO = <V) - m = uidO - Fid) , 
where F is defined in (2.12 ). Then vs{^) satisfies the equation 
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It is readily seen that since 0<cr< ^, ifr?e dB^PQ.do) H dDs, tlicn ^ ^ and ^ +00 
as (5 ^ 0; moreover since \r]\ < we conclude that the domain ^Dg converges to the half 

space : = G : 6 > 0}. 

Let us study now the limit of vs- First of all, observe that since is a decreasing and 
convex function (as easily checked), then its inverse function F is also convex. We have then, 
for any A < 1, 

< F{Xs) - F{s) < -F'{Xs) Xs , 

A 

and since (see also (2.3 )) < — -F'(C)C < C for any ^ G R"*", we deduce that F enjoys the 
property 

30 0: F{Xs)- F{s) <C^-^ VA < 1 , Vs>0. (2.13) 

A 

Since dCl is C^, we have that for r) e Dg 

dniri) = Vi + Oi\v\^) = vi + 0(5'^'") • (2.14 ) 

Hence from (2.12 )-(2.13 ) we deduce that 

HS0-F{5^i + S^-^'')\<Ci for any C G |L>5, (2.15) 

so that 

\v5m <Ci + \Fi6 (Ci + 6^-^'')) - F{S)\ for any ^ G ^Dg. (2.16 ) 

In particular, due to (2.13 ), (2.16 ) implies that 

K(6l<Ci + C2max{a,l}, 

a 

hence vg is locally uniformly bounded. 

Assume that (hi) holds true: then (see (2.4 )) F{d) + log{6) is bounded for small 6, so 
that (2.16 ) impHes that 

vsio > + s'-^i) - m -Ci>- iog(ei + <5^-'") - C2 , 

for ^ G ^Ds; in particular in the limit (as 5 — 0) we deduce (recall that cr < i) 

v{0>-^og^i-C2 (2.17) 

so that lim f (f) = +00. Noticing that 

6-0+ 

S^h{u{dO) = h{vs + F((5))e-2('^^+^('5)) e^{v6+F(S)+logS) < c^^^^ ^ p^^^^^_2ivs+FiS)) ^2vs ^ 

and using that is locally bounded and h{s)e~'^^ — ^ as s — +00, we deduce 
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Furthermore, standard elliptic estimates for second derivatives imply that \Vvs\ is also locally 
uniformly bounded, and, in the end, that vg is locally relatively compact in the C/^^-topology. 
Let V be the limit of some subsequence vs^. , as (5fc — 0. Therefore v is a solution of 

[ -Av + iVup = in R^, 

\ lim v(0 = +00 . (2-19 ) 

U1-0+ 

The function w = e~'" is positive and harmonic in R:!^; it satisfies w < C^i, from (2.17 ), 
hence w = on {^1 = 0}. We deduce (for instance using Kelvin transform, or symmetry 
results) that there exists A G R+ such that w = X^i, hence v = — log^i — log A. In particular, 
we obtain, locally uniformly in H^: 



■+■ 

dv5. 1 5^5, 



Vi = 2,...,7V, 



for any convergent subsequence vs^- Note that while the limit function v is determined up 
to the constant — log A, its gradient is uniquely determined. This implies that the whole 
sequence of derivatives ^ will be converging to this limit. We have proved then that it 
holds: 

Recalling that ^ is the direction of the inner normal vector and that the point = ((5, 0, . . . , 0) 

coincides with x — 5iy{x), we fix ^ = 1 and obtain (2.8 ). 

Let us now assume (h2). In this case F{5) + log{5) is unbounded, but we still have (see 
(2.3 )) 

F'{S)6^-1 as 6^0. 

In particular, for any 7 < 1 there exists an interval (0, Sj) such that the function F{s)+j log s 
is decreasing in (0, s-y); therefore, for ^ < 1 and S small enough, we have 

F{5{Ci + S'-'n) - FiS) > -7log(6 + '^'"'") ■ 
Together with (2.16 ) we deduce that 

vsiO > + - m - Ci > -7log(Ci + 6'-^n - Ci 

hence, for any possible limit function v, we deduce that v > — 7log6 — Ci for ^ near zero. 
This implies in particular that v blows-up uniformly on = 0}. Writing again 

^^^^^ h{F{6)) J^^(') h{s)e-^^ds ^ ' 

and using (h2) and (see (2.3 )) 
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we conclude that (2.18 ) still holds true. Then, passing to the limit in S, any limit function 
V will satisfy (2.19 ). Again, we have that w = e^^ is harmonic in ti^ and w < C^J in a 
neighborhood of {^i = 0}, so that it; = on dH^. We conclude as above that w = A^i for 
some A G R+, and then v = — log^i — log A. As before, the convergence of Vvs to Vv then 
implies (2.8 ) and (2.9 ). 

Finally, let us assume (h3), and let again v be such that (a subsequence of) vg converges 
to V locally uniformly. Due to the monotonicity of h, we have (see Remark 2.1): 

lim ^^f = e*-^"*"^^* locally uniformly in t 

SO that 

Since under (h3) we also have (see (2.3 )) 

lim F-^{t)eH[ his)e-^'ds\^ = lim - ][^} ^ = lim -F'is)s = (2.21) 

then (2.20 ) now implies 

lim 5^h{u{5i)) = e(^+2)- Ae2^°s(AT2) = CAe(^+2)'' (2.22 ) 

where c\ = j^^- Moreover we also deduce from (2.21 ) that there exist an interval (0, ctq) 

and constants 70 < and 71 > such that F{t)+^Q logt is decreasing and F(t)+^i logf 
is increasing in (0, ctq). In particular we have 

F{5{ii + 5^--"^)) - F{5) > -70 log(6 + '^'~'") if ?i < 1 - <5'-'^ 

and 

+ <5'~'")) - n^) > -71 iog(6 + s'-^n if i< a < i - 5'-'", 

which together with (2.16 ) imply 

vsiO > -70 log(6 + 5'"'") - CO if 6 < 1 - <^'-'^ (2.23 ) 

and 

^;5(0>-7ilog(6 + 5^-'")-ci if 1 < a < ^ - <5i-2-. (2.24) 
Prom (2.22 ) and (2.23 )-(2.24 ) we deduce, passing to the limit in S, that v satisfies 



( -Av + cxe^^+^^'' + \Vv\^ = inR^, 

\ lim v(n = +00 , (2-25 ) 

and the further estimate 

i;(0>-7ilog6-ci ifK^i- (2.26) 
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We proved in [19] (Corollary 2.6) that any solution of (2.25 ) only depends on the variable, 
moreover condition (2.26 ) implies that we have exactly 

2 , 1 , / 2A , 2,1, log2 

" = AT2 ''^^l,^ + aT2 '°^^^I(AT^^ = AT^ ^ " aT^ • 

We obtain that 

d^i (A + 2)a' " 
which, as before, gives (2.10 ) and (2.11 ). ■ 

Remark 2.2 The same proof applies if one only requires on the right hand side that 
lim d'^{x)f{x) = 0, which implies that lim 5'^f{S£,) = locally uniformly for ^ G H^. 

Remark 2.3 Under assumption (h3), the previous proof gives that the rescaled sequence vs 
converges towards v = log(^) — Setting = 1 we deduce that 

u{x) - F{dn{x)) ^ 

which improves estimate (2.2 ). As a consequence, this also implies that ui{x) — U2{x) 
for any two large solutions ui, U2, hence in this case uniqueness of solutions of (2.1 ) follows 
immediately by the maximum principle. 



We consider now the problem 

( -Au + h{u) + \Vu\i = f inn, 

) lim u(x) = +00 , (2.27 ) 

with < g < 2. In this case if h has an exponential growth at infinity, the gradient term does 
not affect the behaviour of solutions near the boundary, so that the asymptotic behaviour of 
this problem turns out to be the same as for the scmilinear equation with q = 0. In order to 
adapt the above proof we will need the following uniqueness result for solutions in the half 
space. 

Lemma 2.1 Let a > and v be a solution of 
( -Av + e"" = in R^, 

I lim u(4) = +00 locally uniformly with respect to ^' G R''^"-^ . 

Assume that v satisfies the following assumption: 

37,m,5o>0: v{() > -jlogS - m e : < S , V5 > . (2.28) 
Then v = -llog^i + llogl. 
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Proof. We can assume a = 1, up to replacing v with — Moga. We follow the approach 
used in [19] (see Proposition 4.1); for any R > 0, S > Sq, define ur as the solution of the 
problem 

J -AwR + e'^« = in Br{0), 
i lim u;r{p) = +oo , 

and define uj_R g as the solution of the problem 

r -AuiR^s + e-«'S =0 in Br+s{0) \ Br{0), 

] lima;K,s(p) = +0° > f^R,s(.R + S) = -7 log 5 - m. 

Now fix ^' G R^"-*^, and consider the points ^r = {R,^'), r]R = {—R,(') and the functions 
ujr{- — ^r) and uj_rs{- — r/ij). By comparison, and using (2.28 ), we have 

v<^r{--^r) in Br{Cr), V > uiR^si- ' Vr) in Br+s{vr) ■ (2-29) 

It is readily seen that the sequence {ujr(- — (,r)} is decreasing and converges, as i? ^ +00, 
to a function which only depends on the ^i-variable and is the maximal solution of 

-z" + e' = 0, lim z(t) = +00 . (2.30 ) 

In particular, from a straightforward computation of solutions of (2.30 ), we obtain a;oo(^i) = 
-21oga + log2. 

Let S > So; without loss of generality we can replace the constants 7 and m in (2.28 ) 
with possibly larger values. In particular, we can assume that 7 > 2 and e"'" < 2S^~-. let 
then w{p) = —2 log(p — i?) — (7 — 2) log S — m, computing we have, for p G (R, R + S): 



< 



(p - R)^S^-^p 
2{N - 1)S^-^ - (25^-2 - e-'^)R 



{p - RfS^-'^p 

so that there exists a value Rq {S) such that 

-/S.W + e"' < in ^^+5(0) \ Br{Q) for any R > Ro{S). 

Since w{R + S) = —7 log S — m we deduce that 

^^^^,5 >w> — 7log S — m for any R > Ro{S). 

In particular, for any R > R' > Rq{S), comparing i^lR^si' ~ Vr) ^-iid !^R',si' ~ VR') ip"^ their 
common domain Brij^s{Vr') \ BR{rjR)) we deduce that 

^R,si- - m) > ^^R',si- - m') 
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hence for any fixed S the sequence {co^si' ~ ''1r)}r is definitively increasing and converges 
to a function Ug which only depends on the ^i~variable and solves 

-u/s + e^s=Q^ lim^uisit) = +00 , uisiS) = -jlogS -m. (2.31) 

Thus from (2.29 ), passing to the limit in R, we derive 

^5(a) < v{0 < -2 log 6 + log 2 G : 6 < 5 , V5 > So . (2.32 ) 

Next, letting e~"^ < 2, we observe that the function z defined by z{t) = — 21ogi — (7 — 
2) log(t + 1) — m satisfies 

2 7-2 ^ -2(^ + ir-^ + e- 

t2 (t + 1)2 ^t2(i+ 1)7-2 - t2(i + 1)7-2 

and since z{S) < — jlogS — m we have that it is a subsolution for the problem (2.31 ), hence 

-2 log t - (7 - 2) log(t + l)-m<us{t)< -2 log t + log 2 . (2.33 ) 

The sequence {(Jlsi^)}s>So 1^ then locally bounded and, up to subsequences, converges 
(locally in the C^-topology) to a solution of (2.30 ); but estimate (2.33 ) implies 
(due to the classification of all solutions of (2.30 ), see e.g. [19]) that the only possible 
hmit is = — 21ogi + log 2. Letting S go to infinity, we conclude from (2.32 ) that 
f = — 21og^i + log2. ■ 

We are ready now to deal with the case that q < 2 and h has an exponential scaling at 
infinity. Our next result extends the one in [1], where q = and h{t) = e^*. 

Theorem 2.2 Let f G L°°{fl), and let u be a solution of (2.27 ), with < g < 2. Assume 
that 



£h{t)dt 



lim \{ = A > , for every teK, 3 lim : = e^*. (2.34 ) 



Then we have: 

du 2 du 

lim 6 „ . . (x — Svix)) = — , lim 6 ^ . . (x — Svix)) = (2.35 ) 

5-^0 dv(x) A <5-*o ar(x) 

and therefore 

2 

lim du{x)Vu{x) = -v. (2.36 ) 

(ki{x)-*0 A 

Proof. We use the same framework of the proof of Theorem 2.1, setting 

V5 = um - F{d), 
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where the function F is defined by 

r+oo 1 

F-\s)= / , -dt. (2.37) 

Indeed, as a consequence of Keller-Osserman estimate and due to (2.34 ), there holds 

\u{x) - F{dn{x))\ < Co for any x e n: dn{x) < do, . (2.38 ) 

Observe that, since 

lim _M£L_ = A>0, one can prove (as in (2.3 )) that F'{t)t is bounded 

on R+ and 

F'{S)d^~ as (5^0. (2.39) 
A 

Moreover the function F is convex, so that we stih have (2.13 ), and then again 

\u{dO - F{S (Ci + ^'-'"))l < Ci for any ^ G ^Dg. (2.40 ) 

Reasoning as in the proof of Theorem 2.1 we deduce that there exist positive constants 70, 
71, (To such that 

F{5i^, + (51-2-)) _ > i^g(^^ ^ ^i-2a) if < 1 - S^-^-, 

and 

F{S{^i + S'-^-)) - F{5) > -71 log(ei + S^-^n if K ^1 < 1 - S'^^'^, 
which together with (2.40 ) imply 

vsiO > -70 log(a + '^'-'") - CO if 6 < 1 - <5'-'", (2.41 ) 

and 

^5(6>-7ilog(a + '^'~'")-ci if 1< ^1 < ^ - 51-2-. (2.42) 
Now the function vs satisfies the equation 

-Avs + h{u{dO)6^ + \Vvs\'' 6^-1 = S^fiSO e e ^Dg 
and vg is locally uniformly bounded. Since 

Km) //(^) h{s)ds 

as in the proof of Theorem 2.1 we obtain, using (2.34 ) and (2.39 ), that S^h{u{6^)) is locally 
uniformly bounded and moreover 

lim 6^h(u(50) = e^'^T 
13 



locally uniformly, where v is the limit of a subsequence (not relabeled) of vg. When q > 1, 
local estimates of Bernstein's type (see e.g. [11], [13] and the remark therein of the regularity 
of /), imply that any solution of (2.27 ) satisfies, for a constant C > 0, 

\Vu{x)\ < Cdnix)-^ . 

In particular vs verifies an equation of type 

-Avs + Fs ■ Vvs = 95 , (2.43 ) 

where gs, Fg are a function, and a field respectively, which are locally uniformly bounded. By 
elliptic estimates we deduce that Vvg is also locally uniformly bounded, and vs is relatively 
compact in the C/^^-topology. We have therefore 

lim|V?;5|«(52-« = 0. 

When < g < 1, u G ^^c(^) ^ ^Ld^) implies \Vu\'^ G L^iici^)- Thus, by elliptic equations 
regularity theory and a standard bootstraping argument, it follows that Vu remains locally 
bounded and the above limit holds true directly. Thus, by replacing gs by its expression and 
using also (2.41 )-(2.42 ), it turns out that v is a solution of 

( -Av + le^"" = inR^, 

\ lim v(0 = +oo, (2-44) 
Ui-o+ 

satisfying in addition that there exists 7, C > such that for any S > 1 we have 

v{0 > -7 log 5 - C for any 6 < S. (2.45 ) 

When By Lemma 2.1 we conclude that v = —j log^i, and this uniqueness result implies also 
that the whole sequence vs is converging in Cl^^(R,^). The convergence of Vvs to Vv then 
yields (2.35 ) and (2.36 ). ■ 

Remark 2.4 As a byproduct of the scaling argument, from the convergence of vs = 
u{S^) — F{S) to — |log^i, we obtained, setting ^ = 1, that 

u{x) - F{dnix)) as dnix) 0, 
where F is defined in (2.37 ). In case q = we recover a result of [12]. 

Finally, we consider the case that h has a power-type asymptotic rescaling at infinity: we 
extend then some results proved in [4] for the case q = 0. 

Theorem 2.3 Let f e L°°{n) and u be a solution of (2.27 ), with < g < 2. 
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(i) Assume that 



his)~i 

lim ,s ) \ , = +00 , (2.46 ) 

J^h{t)dt ^ ' 



and 

+ ^ 13+ ^ lim 

s->-+oo 

Then we have: 



for every t G R"*" 3 lim : = i", wii/i a > 1. (2.47 



lim.^ .^^(x-6i^ix)) = l, lim^ -^(x - <5z/(x)) = (2.48) 



w/tere F ^(s) is defined in (2.37 ), and in particular 

Vu(x) 

iim — 

dn(x)^0 F'{dn{x)) 



lim ^^ = ,, (2.49) 



(a) Assume that q > 1 and 

s^Too j^h{t)dt 



lim -Mf- = Z, (2.50) 



for some I > 0, and let a > be such that — = (^2^0 ■ Then 

lim d 1-^ ——-(x - Suix)) =ba , lim Si-^ ——-(x - Su(x)) = (2.51) 

2-q 



where bq = (^)^^ (|Ef) and then 



lim dQ,{x)i-^Vu{x) =bqv. (2.52) 

dn{x)^0 

Remark 2.5 As pointed out in Remark 2.1, the existence of the limit in (2.47 ) automatically 
implies that this limit is a power function. 

Proof, (i) Under assumption (2.46 ), we can apply the results in [2] and use that 

lim _i^i^)_ = l, (2.53) 
dn{x)-^o F{dQ{x)) 

In other words, the behaviour of u is determined by the Keller-Osserman estimate in this 
case. Let us now use the framework of Theorem 2.1, introducing the system of coordinates 
(771, .. . ,r?7v) whose r/i-axis is the inner normal direction. Define Os = (5, ... ,0) and the 
domain 

= B{Os, S^-'') n B{Po, do-S), ae (0, ^). 
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Again we have that Ds converges to the half space : > 0}. Now we set ^ = ^ and 
we introduce the blown-up function 

u{6i + Os) 
vx = = . 

m 

This time let us choose do such that dn{x) < do implies | ^^^^} ~ 1| ^ ^o; thanks to (2.14 ) 
it follows 

(1 - eo)F{S{^, + 1) + 0(<52-2-)) < u{S^ + Og) < (1 + eo)F{S{^, + 1) + 0(6''-^^) ■ 
In particular we deduce that < < (1 + eo), i-e. vs is uniformly bounded and satisfies 



F{6) "'F{5) 
Note that (2.47 ) implies 



-^+oo ' ' V t t-*+oo J I /o rs h{tO a-1 



so that 

h{F{5))5^ 2{a + l) 
hm — 



Fi5) {a - 1)2 ■ 

Set Ca = (^""1)] i then we have, using that vs (up to subsequences) converges, locally uniformly, 
to a function v, and 4^ converges to locally uniformly in R, 



i_ 

-1 



h{u{6^ + 0,))5^ ^ h{vsF{5)) h{F{5))S^ 

F{s) h{F{s)) m 

As in the previous theorem, we can use the local estimates on Vn for solutions of (2.27 ), in 
order to get 

\Vu{x)\ < Cdnix)-^- 

when q > 1 for some constant C > 0. This implies that F(5)'?"^ \Vvs\'''^6^''^ is locally 
uniformly bounded. Hence vg satisfies an equation like (2.43 ) with gg and Fg locally bounded. 
We deduce with a simple bootstrap argument and elliptic regularity that vs is relatively 
compact in the C^^^-topology. Moreover assumption (2.46 ) implies that 

1 

lim — — / h{s)ds = +00 , 

t-'+OO f2=^ Jo 

which in turn gives that 

lim F(6y~^ 6^-'' = 0. 
<5-»0 
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Therefore we conclude that 



F{6y-^\Vvs\'^d^-'' 0. 

When < q < I, Vu remains locally bounded and the same conclusion holds. In both case 
we conclude that the function v satisfies, in the limit, the equation 



-At; + Cau" = in R^, 

and it is uniformly bounded. 

By (2.47 ) and the dominated converge theorem, 

^_^+oo ^h{0 «-^+oo h{0 Jo 
then, using (2.54 ), there holds 

tF'it) F-\^)^2j^his)ds 
lim — = lim 



e-»+oo h{0 a + V 



t-^o F{t) ?-*+oo 



(2.55 ) 



(2.56 ) 



(2.57 ) 



Moreover, the function is increasing, so that for any A > 1, 



1 > — - = exp 
- F{S) 



log{F{X6)) - log{F{5)) 



> exp 



F'{5)5 
F{6) 



(A-1) 



> eo > . 



Thus, for any A > 1 the sequence is bounded, strictly positive, and satisfies, in view of 

(2.57 ) and (2.56 ), 

F{X6) F'{X5) 



A(l + o(l)) 



F{6) F'{6) 
Using (2.47 ) we deduce 



Ks)ds 



A(l + o(l)) 



'F{X6) h{F{X5)) 
m him) 



3 hm — r — - = A «-i . 
5^0 F{6) 



Then we have 



FjSj^i + 1 + 0(5^-'^)) 

m 



> (1 + +o(l) as (5^0. 



A(l+o(l)). 



(2.58 ) 



(2.59 ) 



Since we have 

u{6C + 0s) F(,5(ei + l) + 0(52-2-)) 



F{5{(l + 1) + 0(52-2cr)) 



F{d) 



u{5^ + Os) 



F{d{Cl + 1) + 0((52-2<^)) 



17 



from (2.53 ) (recall that r] = 6^ + Os and dist {r],dQ.) is estimated in (2.14 )) and (2.59 ) we 
obtain: 

(1 + 6)"^ + o{l) < vsiO < 1 + o(l) as ,5 ^ 0, 



and we conclude that 



lim v(Bi) = 1. 



Together with (2.55 ) this implies that v = {1 + ^i) «-i . The Cj-^^ convergence of vs gives 
then 

^vsiO ^ — \{i + 6)"^ (1, 0, . . . , 0) . 
a — 1 

Now recall that V^u{d^ + O5) = ^Vvs{C), hence using (2.57 )-(2.58 ) we get 

V^u{6C + Os) 



F'(5(l + 6)) 

which gives (2.48 ) and (2.49 ). 

(ii) Using (2.50 ), we have from [2] and [8]: 



(1,0,. ..,0), 



lim ^i^)-^ = l, (2.60) 



ji — q 

where Cq = ^ (g^7)Va ) "'^ ' ^^^^ same notations as above we set 

u{5i + Os) 



2-g 
Cq6 1-^ 



As before, we deduce that vs is uniformly bounded, and satisfies 

Now assumption (2.50 ) implies 

^lini^ / h{s)ds= C^-^li]^''. (2.61 

Noticing that 



/i W 5e + 05 5"-! =- ^^^^ TT^iCqVs)^- 



\2-q 
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and using (2.61 ) and assumption (2.50 ), we get 

Therefore passing to the limit as S ^ 0, we conclude that v solves 



-Av + {^^1)^^ cf' + c^-^ \Vv\'i = 0. (2.62) 

Similarly as for (i), thanks to (2.60 ) we also obtain that 



lim v{^) = 1 , lim v{^) = . (2.63 ) 

Recalling the value of Cg and the definition of a in (2.50 ), one can check that the function 

2-q 

(^1 + 1) 9-1 is a solution of (2.62 )-(2.63 ). On the other hand, for any a > 0, /? > 0, the 
problem 

( -Az + az^ + P\Vz\i = inR^, 

=1, hm .(0 = (2-64) 

admits one and only one positive solution: see Theorem 4.1 below for a more general result 
of this type. 

2-q 

Having an explicit solution of (2.62 )-(2.63 ), we conclude that v = {^i + 1) ^-i. The 
uniqueness of this limit yields the convergence of the whole sequence i'^-, in particular we 
get that Vvs{C) converges to Vt'(0 locally uniformly. Setting ^ = (1,0, ...,0), we obtain 
relations (2.51 )-(2.52 ). ■ 



Remark 2.6 The result of Theorem 2.2 still holds if one relax the assumptions on the 
right hand side: for the case (i), it is enough to require that lim , = 0, 

where F is defined through (2.37 ). Note that if h{s) = \s\^~^s {(5 > 1), this means 

2/3 

lim dn(x)/3-i/(a;) = 0. 

dQ{x)-*0 

q 

In case (ii), it would be enough to have lim da{x) f{x) = 0; in fact, this corresponds 
to the case h{s) = s^, with (3 < 

Remark 2.7 In case h{u) = Xu, the (unique) solution of (1.1 ) is the value function of an 
associated suitable stochastic control problem with state constraint, which is described in 
[11]. In that context, the field -q\Vu\''-'^V u is exactly the optimal feedback control, whose 
role is to keep the process to stay inside (minimizing a certain cost functional). Our 
results (Theorem 2.1 and Theorem 2.3) prove the precise asymptotics for the control, i.e. 
-q\Vu{x)\'i-^Vu{x) ~ u{x) as dn{x) ^ 0. 
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3 On the uniqueness of explosive solutions in case of concavity 

In this section we give a uniqueness result for solutions of 

-Au + h{u) + \Vu\i = f inn, 
lim u(x) = +00 , (^-1 ) 

which applies to the case that h{s) is concave. We restrict ourselves to g > 1, which is the 
significant case. Our basic criterion for uniqueness is the following. 

Theorem 3.1 Let be a bounded domain and f G L°°(Q). Assume 1 < q < 2, and that h 
is a continuous increasing function satisfying the following assumption: 

3 a positive, continuous function m{s), and constants cq, £0 > such that 

h{{l + e)a + £b) - {1 + £)h{a) > ebm{a) - co£(l + a) , (3.2 ) 

Va e R, £ e (0,£o), < 6 < ^. 

// ui , U2 are two solutions of (3.1 ) such that 

lim — = 1, lim I^!^ = +oo Vi = l,2, (3.3) 

then ui = U2- 

Proof. We set A{v) = —Av + h{v) + | Vf |'^. Define = (1 + £)u2 + eT, where T is a positive 
constant to be chosen later. Then 

Aiu'2) = h{{l + £)u2 + £T) - (1 + e)hiu2) + (1 + £)((! + ey-^ - l)\Vu2\'^ + (1 + e)f , 

and using (3.2 ) and that / G L°°(0) 

A{u^) >f + e[m{u2)T + (g - l)|V«2r - ci(l + ^2)] . (3.4 ) 

By assumption (3.3 ), there exists a positive, bounded, compactly supported function ip{x) 
such that 

((?-l)|V«2r-Cl(l + K2) > -i^{x). 

If ii' C O is a compact set containing the support of ip, we have that U2 is bounded on K 
and since m{s) is positive we have inf m{u2) > 0. Setting T = .J^^^*^^^ then implies 

A{ul) > f = A{ui) in n. 

Moreover since ^ ^ 1 as da{x) — > 0, we have that ui — U2 < near dQ. Inside Q, we 
use that h is increasing to deduce that tti — ^1 < on any maximum point, so that we can 
conclude that 

ui < (1 + £)u2 + £r in n. 

Letting £ — ^ we get ui < U2. Interchanging the roles of ui, U2, we conclude that ui = U2 

m 

Let us make some comments and remarks about the previous result: 
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1) Assumption (3.2 ) is satisfied if h{s) = hi(s) + h2{s), wliere hi is a nondccrcasing convex 
function and /i2 is an increasing concave function. Indeed, one has, taking into account 
the subhnear behaviour of the concave part, 

h{{l + e)a + eb) - (1 + e)h{a) > -£hi{0) + /i2((l + £)a + eb) - /t2((l + 

+ /i2((l + e)a) — h2{a) — eh2{a) 

> eb ■m{a) — cq e(l + a) , 

with, for instance, m{a) = /i2(2o + l) if h is differentiable, or m{a) = /i2(2a + l) — /i2(2a) 
otherwise. 

2) As remarked above, the previous result is meant to apply to the case that h is the sum 
of a convex function and an increasing concave function. On the other hand, we recall 
that in case h is purely convex the uniqueness of solutions has been proved in previous 
papers (see e.g. [11]), essentially using the following standard argument: if ^ — > 1 as 
dn{x) — > 0, then it is enough to take T > —hr^{m) where m = infn /, in order to have 

A{{1 + e)u2 + eT) > h{{l + e)u2 + eT) - (1 + e)h{u2) 

+ (1 + e)((l + e)"-^ - l)\Vu2\'> + (1 + e)f 
>f + e[f-h{-T)] 

>f = Aim), 

which yields ui < U2 for any ui, U2 large solutions such that ^ — > 1 as d^{x) —> 0. 
Note that in this case one does not need to have any information with respect to the 
gradients. 

3) Assumption (3.3 ) is not really restrictive, and is certainly satisfied in smooth domains 

and in almost all significant situations. Indeed, this is a consequence of the results 
on the asymptotic behaviour of u and Vn which are given in Section 2, so that in 
particular (3.3 ) is verified for all the situations considered in Theorem 2.1, Theorem 
2.2 and Theorem 2.3, which deal with possibly power or exponential growths of h at 
infinity. 

In particular, this applies to the case that h is concave (which implies assumption (hi) 
in Theorem 2.1 and assumption (2.50 ) in Theorem 2.3), hence condition (3.3 ) follows 
from Section 2 and (3.2 ) also holds true. We get then the following corollary. 

Corollary 3.1 Let Q, be a smooth domain and f G L°°{p,). If h is increasing and 
concave, for any q > 1 problem (3.1 ) has a unique solution. 

On the other hand, note that for possibly larger growths of h than considered in Section 
2, more precisely when 

either o = 2 and lim rl^^^}? nt ,^ = +oo, or o < 2 and lim r ^^wl ,^ = +oo, 

uniqueness of large solutions follows easily since one can prove directly that ui{x) — 
U2{x) — as dQ{x) — for any two solutions ui, U2. Therefore the problem of 
uniqueness is really significant when h satisfies growth conditions of the same kind as 
in Section 2. 
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4 Appendix: On some symmetry results in the half space 

In the proof of Theorem 2.3 we have used a uniqueness result for solutions of (2.64 ). Here 
we give a self-contained proof of a even more general result on the uniqueness, or symmetry, 
of nonnegative solutions of such type of problems in the half space, without conditions at 
infinity. More precisely, consider the problem 

' -Az + azP + p \Vz\'} = in : = = (6, e : 6 > 0}, 



< 



z>0 in R^ 



+ ' (4.1) 

lim z{^i,^') = M locally uniformly with respect to ^' , 

, ?i-+o+ 

where < M < oo, ^, p > 0, and a > 0. 

Next we prove that the solutions of (4.1 ) are one-dimensional, and in particular unique 
if a > 0. 

Theorem 4.1 Let 1 < q < 2, a > 0, p > and (3 > 0. Let also M e [0, +oo]. Then 

(i) if a > problem (4-1 ) admits a unique solution z, and z = z{(,\) 

(ii) if a = any solution of (4-1 ) is a function of the only variable ^i. In particular, 

(a) if q = 2 then (necessarily) AI < oo and z = M. 

(h) if q < 2 and M < oo then either z = M or there exists I G [0, M) such that 

/•+°° !_ 

2(0 = / [{q - l)s + CM,i] "-'ds, 

where cm,i is uniquely determined by the implicit relation 

/•+°^ i_ 

/ [{q - l)s + CM,i] ''-^ds = M-l, 
Jo 

while if M = +oo then there exists I G [0, +oo) such that 

40=1+ / [{q-l)s]-—^ds. 

Proof, (i) Let a > 0. First of all, as in Lemma 2.1, consider the radial solutions lor of 

r -Alor + au;l + P \Vlor\i = in Br{0), 

i lim.ujR{p) = +00 , 
I, pT-R 

and the sequence {ujr{^ — ^r)}r>o, where ^r = (i?, 0). Note that this sequence exists since 
a > and q > 1. By local estimates we have that (jJr{- — ^r) is locally bounded and moreover 
it is a decreasing sequence converging towards a function a;oo(Ci) which is the unique solution 
of 

-oj'^ + acvPc + PWool'' = m(0,+oo) ^ ) 

'^oo (O) = +00 . ^ ' ' 
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Indeed, ujoo is a positive, decreasing convex function and converges to zero as tends to 
infinity. Since any solution z of (4.1 ) is below ujr{^ — ^r) on Bji{R,0), we deduce in the 
limit that 

z<u;^{^i). (4.3) 

In particular, z tends to zero as tends to infinity. Now, for R, S > 0, consider the radial 
solutions Wj:j 5(p) of 

r -Auji^s + au/Rs + ^ \^^R,s\'' = in Br+s{0) \ Br{0), 
j J™^ii,5 = M , UR^siR + S)=0 

and the sequence {uiR^si^ ~ 'nR)}R,S, where tjr = {—R,0). It can be easily checked that, 
since cor^s positive and decreasing with respect to p, the sequence {i^lRsi' — iir)}r,S is 
increasing respect to R and S. Letting successively R ^ oo and S ^ oo, its limit ujm is a 
one-dimensional solution of (4.1 ). By comparison we have that {i^lR^si^ — 'nR)}R ^ z{x)j ^oi 
any solution z of (4.1 ), hence we get in the limit 

oom{Ci)<z{x) VCi>0. (4.4) 

Now, since a > the one dimensional solution of (4.1 ) is unique; thus if M = +oo, we have 
obtained that z = t(;oo(^i)- 

If M < oo, we need a sharper upper bound for z{x). To this purpose, let t G (0, 1); we 
write ^ = (^1,^') and denote B^~^ = {|^'| < R} C R^"-*^. We are going to construct a 
supersolution in the cylinder (0, L) x B^"^. 
Let ipt,Li^i) be the solution of the one-dimensional problem 

-ip'l^ + tP-^a^^^^ + tp\ip',^L\<^ = in (0, L), 
<^t,L(0) = f ipt,L{L) = ^u^{L) , 

where ujoo is the solution defined in (4.2 ). We also set 

l-t2)^sP ifp>l, 



Ms) 

Now consider the function il^t,R{^') solution of 



^ if < p < 1. 



J -A^l^t,R + afti^lJt,R)+P^/^^\ViJtM' = in B^-' C R^-i, 
\ lim Vt,R = +00 . 

Note that such a function exists since g > 1 and ft{s) is an increasing unbounded function 

p— 1 

(in fact, ft{s) behaves like (1 — t'^)^~ s'^ for s large). 

Define now ^(^i,^') = tLpt,L{ii) + Vl — i^tfiH')-, we claim that ^ is a supersolution. 
Indeed, using that tipt^L > i^oo{L) {L is meant to be large enough so that uJoo{L) < M), we 
have 

zP>tP^^tL + V^fti^t,R). 
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Moreover 

iv^r = (iVUi' + (1 - ' > + (1 - 

by concavity since g < 2, so that 

+ Vl-t^hAV-t.ii + aMi^t,R) + f3Vl^ I VVt,iir] = 0. 

Thus z is a supersolution of the equation in the cyhnder (0, L) x B^~^. Moreover, since ijjt,R 
blows up at the boundary and is positive, and using (4.3 ), we have that z{x) < z{x) on the 
boundary of the cyhnder. By the comparison principle we deduce that 

z{0 < t'PtA^i) + Vl-t^M^') in (0, L) X B^~\ 

Now let R go to infinity, and use that ilJt,R converges to zero (as a consequence of the local 
estimates which depend on the distance to the boundary); we obtain that 

and then, letting L go to infinity, 

where tpt solves the problem 

-<p'{ + tP-'a<4 + t/3\^'t\i = in(0,+oo), <^t(0) = ^. 

As t tends to 1, clearly ipt converges to the unique one-dimensional solution of (4.1 ), which 
we called lom{^i)- Therefore z < um{^i), which together with (4.4 ) gives the claimed result. 

(ii) Let now a = 0. Up to multiplying z by a constant, we can assume that (3=1. We 
consider first the case q < 2. 

First observe that, since z is a solution in 5^^(^i,^'), by the local estimates on Vz (see 
e.g. [11], [13]) we have 

|Vz(ei,C')l < cer^ V(Ci,r) e R^. (4.5 ) 

In particular, we have 

rvi 1 

0-^(6, 01 <C / t-^^dt (4.6) 

and since > 1 we deduce that z{^i,^') has a finite limit as goes to infinity, and due to 
(4.5 ) this limit does not depend on Thus we set 

Z := hm ^x(6,0- 
5i-»+oo 
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Using again (4.6 ) we also deduce the estimate: 

I - Ce~^ < z{^,,a < I + Cer^ V(ei,C') G R^'. (4.7 ) 

Our goal is now to prove that 2;(^) = iOi{^i), which is the unique solution of 
u'l' = lu'il" in (0,+oo), a;;(0) = M, lim a;;(^i) = /. 

In order to prove that z < ooi, let t G (0, 1), C G R, and consider the problem on R^"-*-; 

' -AV-t.i? + mt,RV + C = in S^"^ C R^-i, 

V't,«(0) = 0, hm V't,ii(0 = +oo. ^^-^^ 

Is M -'^ 

It can be proved (see e.g. [11] for a more general result in the context of ergodic problems) 
that there exists a unique constant C = Cr such that problem (4.8 ) admits a solution il)t,R^ 
which is also unique. Note that Cr > 0; moreover, by a simple scaling argument, we have 

Cr = R-^Ci, 2Pt,R = R~'^i^t,i(^-^^ , (4.9) 

where Ci, ipt^i are the solutions of the same problem in the unit ball B^^^ . Clearly, we also 
have that '4^t,R achieves its minimum in zero, hence '4>t,R ^ 0- Consider also (pt,L,R solution of 



(-^" + t\^'\i = ^CR in(0,L), 

As in the above case (i), using the concavity of the function si . one can check that the function 
z = t(pt^L,R{(,i) + Vl — '4^t,R{i') is a supcrsolution of (4.1 ) in the cylinder (0, L) x B^~^. 
Moreover, due to (4.7 ) and to the properties of 'ipt,R, we have z > z on the boundary, so that 
we deduce 

^(0 < t<pt,LA^i) + VT^^PtA^') v(6,eO e (o,L) X B^-\ 

In particular for ^' = we have z(^i,0) < t(^t,L,ij(Ci)- Of course we can translate the origin 
in the ^'-axis, so that we have in fact 

z{0 < t^t,L,R{^i) e R^f . 
Now let R go to infinity; using (4.9 ) we have that Cr tends to zero, hence we get 

z{0 < t'PtA^i) (4.10 ) 

where ipt^L solves 



-<L + %UI' = in(0,L), 
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As L goes to infinity, (pt^L converges to the solution of 

M 



-^'; + t\^[\i = in(0,oo), (^t(O) 



lim ^ti^i) = - mm{l,M} . 

T 4l— »+CXD t 



Then, inequahty (4.10 ) impHes, after taking the Hmit in L, that z(^) < tipt{£,i) for any 
t G (0,1)- Note that, in particular, this gives z < M on the whole half space R^; by 
definition of I, this implies that I < M. Now, as t tends to 1, clearly ipt converges to the 
function a;;(^i) defined above. We conclude that 



(4.11 



In order to establish the reverse inequality, let a > 0, and consider the radial solutions 
^ = ^a,R,S of the problems 



-Aw + |Va;|« = in Br+s{0) \ Br{0), 
limu; = M, a;(R+S)=a. 



(4.12 



Let as before r]ji = {—R,^'). We have that the sequence {iOa,R,s{^ " '>1r)}r is increasing and 
converges to a one-dimensional function ^^^^(^i) which is the unique solution of oo'^ ^ = \uj'^ 
satisfying O0a,s{0) = M and Ua,s{S) = a. As S goes to infinity, we have that u!a,s converges 
to a;a(^i), which is the unique solution of 

cj'^ = lu'Ji in (0, +oo), UaiO) =M, lim a;„(6) = a. 

In particular, if we know that z(^) > a for every ^ G by comparison we deduce that 

•z(C) ^ ^a,RiC ~ Vr)-! ^-iid then, after letting R and S go to infinity, that z(^) > Uai^,!)- Thus 
we have the implication 

z{i) > a for every ^ G implies z{C) > 0Ja{ii). (4.13 ) 

As a first step, since 2; > 0, this implies that z > a;o(^i), which together with (4.7 ) implies 



max{a;o(6) , / - C^i 



2-g 
9-1 - 



Note that < ai < applying (4.13 ) we deduce that z{^) > ^^^(^i) and in particular 



^(0 > «2 : = min 



_2-q 



max{a;„,(Ci),Z-Cei 



Iterating this process we define a sequence of positive real numbers {a„} and a sequence of 
functions {ct;a„(^i)} such that 



Z > Wa„(6) 



an = mm 



max{u;a„_i(^i), l-C^i " } 



2-q 
9-1 
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As n goes to infinity, clearly we have that a„ | I and Wa„(^i) converges to a;;(^i), which allows 
to conclude that 

Together with (4.11 ) this concludes the proof. 

The case q = 2 is much simpler. Indeed, if M < oo it should be noted that the only 
nonnegative solution of to" = |u;'p is the constant to = Af. In particular, one can define 
V't,L,R as above except for requiring '^t,L,R{L) = +cxd; in the limit (in i?, L, t subsequently) 
one finds that z < M, while from below one has that loq^s (defined in (4.12 ) for a = 0) also 
converges to the constant M, so that one gets z > M, and then z = M. If M = +oo, the 
function v = turns out to be harmonic in R:^^ with v = on {^i = 0}; but v is also asked 
to satisfy < v < 1, and such a function cannot exist. ■ 
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